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1. Introduction

Let H be a complex separable Hilbert space with inner product (-, -y and B(H) be the algebra of bounded linear
operators on H. The numerical range W/(T) of an operatorT € B(H) is defined as

W) @{(Tx 2): xeH, |l & 1}. (1)

It is known that W(T)is a nonempty bounded convexset in the complex plane C and its closure, denoted by W T ,always
contains the spectrum o T of T (see [1, 2]). Inadditign) for 7, T, B H, we have W T, @ T,conv W T, UW
T, , where conv S () stands for theconvex hull of the set S. For references on the numericalrange
and its generalizations, see( fo) instance, [3-8].( )03

This papgr arage ffdm an attempt t6 Yain a geometric characterization of the numerical range of parallel sum witha view
of operator block. In what follows we always supposeA, BeE B H and A B has closed range. The parallel sum of A and B is
defined as

electrical (net)/vorks, then A : B is the impedance operator of the parallel connection [11]. Several authors, in particular
Anderson and Trapp [11], Anderson and Duffin [12], Ando [13], and Wang et al. [10], extended this result and estab- lished
many diferent equivalent definitions and propertieson parallel sum (see also [9, 10]). Recently, Klaja [14] applied Halmos’
two projections theorem to describe the numerical range of a product of two orthogonal projections P and Q. He showed that
the closure of its numerical range is equal toa closed convex hull of some ellipses parametrized by pointsin the spectrum. In
[8], Wang et al. also used Halmos’ two projections theorem to study the containment region of the numerical range of the
product of a pair of positive con- tractions. Zhang and Yu [15] described the numerical range of the operator P QP.
Motivated by these, we consider the numerical range of the parallel sum P : PQ for orthogonal projections P and Q. The
investigation uses in an essential way Halmos’ two projections theorem, which is introduced as follows.
Let P and Q be two orthogonal projections on H. Thus,

A:B@AA+B)'B
P p? P+ and Q @’ Q. The ranges of P and Q are
denoted by L and N, respectively. According to Halmos’
where T is the Moore—Penrose generalized inverse of T (see[9, 10]). The study of parallel sum is motivated by the fact that if
A and B are impedance operators of resistive n-port

two projections theorem (see [16] and consult [17] for thehistory and more on the subject), there is a representation ofH
as an orthogonal sum:
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Figure 1: Ellipse E(2) for 1 € 0.02, 0.05, 0.1, 0.15. .., 0.45, 0.48, 0.5.

Since E(/) is symmetric about y €0, only « € 0]z néeds to be considered, and the proof will be divided intotwo
cases.

Case One. Suppose that cos(a) # 0. It follows from

Figure 2: cONVU 012/ E(4) -

mpleted. O Proof of Theorem 1. From Lemmas 6 an



Review of International Geographical Education ©RIGEO, Volume 9 (1) Jan 2019

The proof is co

Then, we can prove Theorems 1 and 2.

( )()0)~ )

y cos(a) +
S .

It follows from Lemma 6 that

€a(P:PQ)

W(P: PQ) @ conv; , UPQ) E(). (43)
€ (P
The proof is completed. O
Proof of Th . th trix form in (2), we h
roof o eorfmgc&r% e mar/l(f orm in (2), we (ZX]G
cos?(T)/ + cos?(T)
P:PQ~1169OEDOEBOGB I + 3 cos?(T)
2
cos(T)sin(T)/ + cosz(T)\‘
|
Suppose kito two cases. {}

€ {0}. The following proof will be divided
Suppose H = 0 . The following proof will be dividedinto two cases.
(1) If LAN={0}, then W(P: PQ) & W(1/2/®0
@04 0) @ conv{{0}u {1/2}} € [0, 1/2]. In this case,
(3) If LnN ¢ {0}, we have P: PQ € 0 on the space

(LNnN)&@ H. Thus, the closure of the numerical
range of P:PQ on the space (L nN)®H is

L€eo(P: PQ) € {0,1/2} and E(0) @ {0}, E(1/2)
€ [0, 1/2]. Thus, W(P: PQ) € [0, 1/2] € conv{E(0)

UE(L/2)} € CONV U ;¢ pp0)E(A).

{0} < E(4)
(2 fLnN @ {0}, we have W(P: PQ) € {0} @ E(0). for all 1€]0 1/2], we  can have

W(P: PQ) @ conv U e,ppE(4) oON the space
(LNnN)®H.
(4) If L n N # {0}, we have P : PQ € 1/2/ on the space(L. n N) @ H. Thus, the closure of the numerical range of P: PQ

4
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on the space (L. N N) @ H is conv{1/2} U conv U je,(ppq)E(4)}. As {0} € E

(4) for all A €0, 1/2] and

[3] J. T. Chan, C. K. Li, and Y. T. Poon, “Joint k-numerical ranges of operators,” Acta Scientiarum Mathematicarum, vol. 88,no. 1-2,
pp. 279-319, 2022.

[4] T. Geryba and 1. M. Spitkovsky, “On some 4-by-4 matrices with bi-elliptical numerical ranges,” Linear and Multilinear Algebra,
vol. 69, no. 5, pp. 855-870, 2020.

[5] T. Geryba and I. M. Spitkovsky, “On the numerical range of some block matrices with scalar diagonal blocks,” Linear and
Multilinear Algebra, vol. 69, no. 5, pp. 772-785, 2020.

[6] A. Lenard, “The numerical range of a pair of projections,”

Journal of.Funcii nal Analysis, vol. 10 410-423,
combination 0 and T?B/IS contam |n th%pclosure

1()5‘7t£1e numerical range of P: PQ. Thus, the closure ofthe numerical range of P: PQ on the space

[7] D. Pappas, “On the numerical range of EP matrices,” FactaUniversitatis — Series: Mathematics and Informatics, vol. 35,
(LnN)pH is conv{[0, 1/2]

no. 4, pp. 1079-1089, 202&
[8] Y.Q. Wang, N. Zuoi and H. K. Du, “Characterizations of the
uconv U, ppg E(A) }._ But E(1/2) € [0, 1/2].
So, we have W(P: PQ) € conv U, ,rpg)E(4) On
support function of the numerical ran§e of the product ofpositive contractions,” Linear and Multilinear Algebra,
vol. 64, no. 10, pp. 2068-2080, 2016.

the space (L n'N) @ H. The proof iscompleted. O

Corollary 9. Let P and Q be orthogonal projections. Then, ford € o(P: PQ), we can get

[9] X. Y. Tian, S.J. Wang, and C. Y. Deng, “On parallel sum of
operators,” Linear Algebra and Its Applications, vol. 603, pp. 57-83, 2020.

[10] S. J. Wang, X. Y. Tian, and C. Y. Deng, “On the parallel addition and subtraction of operators on a Hilbert space,” Linear and
Multilinear Algebra, vol. 70, no. 19, pp. 3660-3688,

WP: PQ) €@ conv
W. N. Anderson Jr., and G. E. Trapp, “Shorted operators. II,”
SIAM Journal on Applied Mathematics, vol. 28, no. 1,

In particular, we have w(P: PQ) &
convV U sep0121E(4) when o(P: PQ) € [0, 1/2], as shownin Figure 2 [21-24].
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